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ABSTRACT. Let §,(), ..., £,(¢), ... and £(¢) be random processes on the
interval [0, 1}, without discontinuities of the second kind. A. V. Skorohod
has given necessary and sufficient conditions under which the distribution
of f(§,(1)) converges to the distribution of f({(r)) as n— oo for any
functional f continuous in the Skorohod metric. In the following we shall
consider only stochastically right-continuous processes without
discontinuities of the second kind, i.e., processes such that the space X of
their sample functions is the space of all right-continuous functions x(f)
(0 < ¢ < 1) without discontinuities of the second kind. For a set T =
{t, ...ty ...} CIO, 1] the metric py is defined on X as in 2.3. The metric
pr defines on the X the minimal topology in which all functionals
continuous in Skorohod’s metric and also the functionals x(, — 0),
x(ty), . .., x(t — 0), x(8,), . . . are continuous. We will give necessary and
sufficient conditions under which the distribution of f(§,(7)) converges to
the distribution of f(£(r)) as n— o for any completely continuous
functional f, i.e. for any functional f which is continuous in any of the
metrics py defined in 2.3.

1. Introduction. The study of random processes with independent incre-
ments is of special interest. Let us formulate one of the basic results of the
present paper. Let §(w) be a random variable defined on the probability space
Q. For any d > 0 we set

0 it |{(w)] < d,
iz(w) if |£(w)| > d.

THEOREM 4. Let £,(2), ..., ,(?), ... and &(¢) be random processes on the
interval [0, 1] with independent increments and without discontinuities of the
second kind, such that for any & > O there exists d > 0 such that E£@(1) < ¢
for all n and t. For the distribution of f(£,()) to converge to the distribution of
Sf&(D) as n — oo for any completely continuous functional f, it is necessary and
sufficient that the following conditions be satisfied:

g(d)(w) =
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(a) For any finite set t,, . .., t, C [0, 1] the joint distribution of
'ﬁn(tl - 0)’ gn(tl)’ tees gn(’k - 0)’ gn(tk)
converges to the joint distribution of
§t—0)&n), -5 86 — 0), &(1)
asn— 0;

(b) The sequence of functions ¢,(f) = E§,(t) converges uniformly on the
interval [0, 1].

Let us assume that for the processes £,(f),...,&,(?),... and §(r) of
Theorem 4 there exists an at most countable set T C [0, 1] such that the
sample functions of these processes have no discontinuities at points in
[0, 1]\ T with probability 1. It follows from Theorem 4 (see 3.4) that the
conditions (a) and (b) of Theorem 4 are necessary and sufficient for the
distribution of f(£,(#)) to converge to the distribution of f(§(¢)) as n — oo for
any functional f continuous in the uniform metric p, (p.(x,, x;) = sup,|x,(?)
— X (1))

As an immediate consequence of the limit theorems for random processes
with independent increments and without discontinuities of the second kind,
one obtains limit theorems for sums of independent random variables (see
§4). Let us consider a simple example. Let §;,...,§,, ... be a sequence of
independent identically distributed random variables for which E§, =0,
D¢, = 1. Let us consider a random process 7, () on the interval [0, 1], which
equals S,/Vn if t €[(k — 1)/n, k/n) and 1,(1) = S,/Vn ; the random
variable S, = £, + - - - + §. The random processes 7,(f), ... 1,(0),...
and w(r), where w(r) is the process of Brownian motion, satisfy all the
hypotheses of Theorem 4. All sample functions of these processes are
continuous at irrational points with probability 1. From the above we obtain
Donsker’s theorem: For any functional f continuous in the uniform metric
the distribution of f(n,(#)) converges to the distribution of f(w(?)) as n — co.

2. Convergence of random processes without discontinuities of the second
kind.

2.1. Let X denote the set of all functions x(¢) on [0, 1] which have no
discontinuities of the second kind. For the sake of simplicity, we shall assume
that x(¢) is right-hand continuous, that is, x(¢ + 0) = x(¢). In the uniform
metric

pc(x) X3) = 5‘:9 [ (1) = x3(8))
the space X is not separable. This fact forces us to consider the Skorohod

metric on X. Let A denote the set of all continuous increasing functions A(¢)
on [0, 1] such that A(0) = 0, A(1) = 1. The Skorohod metric is defined by the
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formula
pu(x1, ) = int [ sup [, (\(®) = ()] +sup A1) = 1] |
t t

It is evident that the space X is separable in the metric p, (see [2, VI, §5)).

2.2. By definition a random process £(7) on [0, 1] has no discontinuities of
the second kind if the sample function of this process belongs to the space X
with probability 1 (because of this we assume from the beginning that the
process (1) is stochastically right-hand continuous, that is, §(¢ + 0) = £(¢)).

For every positive number ¢ < 1 consider the functional

A(x) = sup [min{|x(t') - .x(t)l; |x(r) = x(t”)[}]

t—c<UKt<t"<t+c
+ sup |x(0) — x(#)] + sup |x(r) — x(1)|
0<t<c 1-c<t<1
on X. In [2, VI, §5] the following theorem is proved.

THEOREM 1. Let §,(2), ..., §,(¢), ... and &(t) be random processes without
discontinuities of the second kind defined on [0, 1] and suppose that for any finite
set of points t,, . . ., t, C [0, 1] the joint distribution of

& (1), -5 6(%)

converges to the joint distribution of

§(01) -+ -5 (1)
as n— . Then the distribution of f(£,(t)) converges to the distribution of
JE&(D) as n — oo for every functional f continuous in the Skorohod metric if and
only if

lim ”IL%P (A& () >e} =0
for every € > 0.

2.3. There exist interesting sets open in the uniform metric which are not
open in the Skorohod metric. Let a(¢), b(¢) C X and inf,[b6(¢) — a(£)] > 0.
We set

vt = {xq): inf [x(1) = a(1)] > 0, inf [b(1) = x(1)] > 0}.

It is easy to prove that for the set Ua”((,’)) to be open in the Skorohod metric it is
necessary and sufficient that a(¢) and b(¢) be continuous functions.

Let T=(¢t,...,¢,...) be an at most countable set on [0, 1]. Consider
the metric

pr(xy, x3) = py(x, X,)

+ gl 51'7 [le(t,. = 0) = x,(t, — O)I +|x,(t") - XZ(tn)I] onX.
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Let us point out some simple properties of the metric p,. In this metric the
space X is separable. A functional which is continuous in the Skorohod
metric p, is also continuous in the metric p;. Functionals Jii (x) = x(t, = 0)
and f, (x) = x(t), where 0 < t, < 1, are continuous in the metric p; if and
only if £, € T. On the other hand, the functionals Jig (%), j;o(x) are discon-
tinuous in the metric p,.

a

sufficient that all points of discontinuity of the functions a(t) and b(t) belong to
T.

ProOF. The necessity follows immediately from the definition of the metric
Pr-

Sufficiency. For every function x(f) € UZY) there exist two functions
a(f), b(r) C X, which have discontinuities only at a finite number of points
belonging to the set T and

LEMMA 1. For the set UJY) to be open in the metric py it is necessary and

a(t) » a(r), b(1) < b(r), mf[b(t)-a(t)]>0 x(1) € :{,';

It is easy to see that the set U-(‘,')) is open in the metric p,. From this it follows
that the set UZY is open in the metric pr. This completes the proof of Lemma
1.

2.4. DEFINITION 1. Aset ¥ C X is said to be a domain if ¥V = U X, U9 '

(l)
The closure of ¥ in the Skorohod metric said to be a domain closure and is

denoted by V.
In particular, UZ% is a domain, the closure of which is the set Usp =
{x(t) a(t) < x(¥) < b(1)}. In 2.2 the functional A (x) was consxdered Let
c,e = {X A (X) > 8}

LEMMA 2. The set V,, is a domain.

PrROOF. Let xy(r) € V,,. This means that there exist five points
b, b, 13, 1y, s C [0, 1] which satisfy the following conditions:

(6)) h<ats?2l -, < B<tpts— 1, < ¢ty — 13< ¢
[%0(0) — xo(#)] + min[ |xo(82) = xo(83)]; |¥o(t3) — xo(14)|]
+|x0(15) - XO(I)I = 80 > &

Let us assume that the function x,(¢) is continuous at the points t,, #,, t,, t5 (if
t; < c then we shall assume that the function x,(f) is also continuous at the
point ¢,). Consider two functions a(?), b(f) C X such that

mf[b(t) —a(n] >0, x(t) € Uzi3s

@

- & 80 — &
xo(t) — a(t) < T » b(f) — xo(8) < I
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where , = 0, ¢}, t,, t3, 14, 15, 1. If ¢; = ¢ then a(¢) and b(¢) can have discon-
tinuities only at the point ¢ (if the function x(7) is continuous at ¢, then a(¢)
and b(r) are continuous functions). If ¢, < ¢ then a(f) and b(¢) are
continuous functions. If £(1) € U then |£(0) — X(¢))| + min{|%(s,) —
X(t3)]; |X(t3) — R(t)|] + |X(25) — 2(1)| > (g9 + €)/2 > &. Hence A (X)> ¢
and Ua”((,‘)’ C V,,. Consider a set T consisting of only one point ¢ € [0, 1]. By
virtue of Lemma 1, the set UZY is open in the metric p;. From the
separability of the space X in the metric py it follows that V,, = U2 U,
where the functions g,(¢), b,(f) can have discontinuities only at the single
point ¢. This completes the proof of Lemma 2.

2.5. Let probability measures p;, ..., p, ... and p be defined on the
Borel sets of the metric space . As usual, we say that p, converges weakly to
p if one of the following three equivalent conditions is satisfied:

(1) For any bounded continuous function f defined on £,

[ du,~ [ .

(2) For any continuous function f defined on § the distribution of f with
respect to the measure p, converges to the distribution of f with respect to the
measure p as n —> 0o. _

(3) For any open set U C @, p,(U) > p(U) if p(U) = p(U); the set U is
the closure of U.

LEMMA 3. Let probability measures ., . .., ,, ... and p be defined on the
Borel sets of the separable metric space @ and let G () be a Banach algebra
with identity of bounded continuous functions defined on Q. Suppose that for any
point wy € Q and for any closed set F C Q (w, & F) there exists g € G(R)
such that g(wy) = 0 and g(w) = 1 for all w € F. Suppose finally that for every
function g € G(Q) the distribution of g(w) with respect to the measure p,
converges to the distribution of g(w) with respect to the measure p. as n — co.
Then p,, converges weakly to p.

PROOF. Let U be an open set in @ and F = Q\ U. For any ¢ > 0 there exist
a finite set of points w,, ..., w, C U and functions g,, ..., g C G() such
that

(1) g(w) =0foreveryi=1,...,k; g(w)=1forallw € F; 0 < g(w) <
1
@ (UoiL) > p(U) = ¢, where L, = { € Q: g,(w) <3).
The function X, g;(w) = go(w) € G(Q) and hence the distribution of g,(w)
with respect to the measure p, converges to the distribution of gy(w) with
respect to the measure p as n— oo. There exists a number p such that
k- %< p <k and p,(L)— pu(L), where L = {w € Q: gy(w) < p}. It is
evident that UX.|L, ¢ L c U and hence

im]
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p(L) > p(U) — e
By analogue, there exists an open set M C £\ U such that p(M) > [TTCAY U)
— ¢ and p,(M) - p(M). Let us assume that p(U) = p( U). In view of the
arbitrariness of ¢ > 0, we obtain
tn(U) = p(U).
This completes the proof of Lemma 3.

REMARK. The Banach algebra G () satisfies all the hypotheses of
Tychonoff’s theorem [4, I, 9], and hence there exists a compactification K of
the space § such that the Banach algebra of all bounded continuous
functionals of the space £, which can be extended continuously on K, is
G (9). In [3, §5] a proof of proposition equivalent to Lemma 3 is given-which
uses compactifications. The theory of compactifications is used substantially
in study of limit theorems for functionals of measurable random processes
(see [3]).

2.6. DErFINITION 2. A functional f defined on the set X is said to be
completely continuous if there exists an at most countable set T C [0, 1] such
that f is continuous in the metric p;.

THEOREM 2. Let random processes §i(1), ..., &,(1), ... and &(t) without
discontinuities of the second kind be defined on the interval [0, 1]. The following
properties (A), (B) and (C) are equivalent:

(A) This property consists of two conditions.

L. For any finite set of points t,, . . . , t;, C [0, 1] the joint distribution of

gn (’l - 0)’ gn (tl)’ s ’gn(tk - 0)’ gn (tk)

converges to the joint distribution of
£t —0), &(11), - - -5 E(t = 0), £(%)-
II. Forany e > 0,
lim lim P {A(£,(1)) > ¢} = 0.
¢-0 p—oo
(B) For any completely continuous functional f the distribution of f(§,(1))

converges to the distribution of f(§(?)) as n —» 0.
(C) For any domain V,

lim P{{,(NEV)=P{{(EV)

P(neV)=P{ieV).

PROOF. (1). (A) implies (B). There exists an at most countable set R, C
[0, 1] such that ¢t € R, if and only if P{|{,(r —0)—&,(n >0} >0.
Analogously, there exists an at most countable set R, C [0, 1] such that
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t € R, if and only if P{|§(r — 0) — &(r)] > 0} > 0. The set R = U LR,
Let an at most countable set T C [0, 1]\ R. Consider a set X, C X. A
function x(f) € X7 if and only if x(¢) is continuous at all points in T. It is
evident that

0y m(Xp) =" =p(Xr)="--=pXr)=1

where p, is the probability measure corresponding to the process £,(¢), and p
is the probability measure corresponding to the process §(7). On X, the
topology defined by p; coincides with the topology defined by the Skorohod
metric. This means that for any set U C X which is open in the metric p,
there eixsts a set U’ C X which is open in the Skorohod metric such that

UNnX,=U'nXp and [UlnXp=U'nXp

where [U] is the closure of U in the metric p;, and U’ is the closure of U’ in
the Skorohod metric. Consider a set U which is open in the metric p, such
that p(U) = p((U). It follows from (1) that p,(U’) = p,(U), p(U") = p(V)
= p((U)) = p(U’). By virtue of Theorem 1,

k(U') > 1(U)
because of the fact that u(U’) = u(U’). Hence

ta(U) = u(U).
We have proven that for any functional f which is continuous in the metric p,
(T c [0, 1]\ R) the distribution of f(£,(¢)) converges to the distribution of
f(&(?)) as n — co. From this it follows that if g(x) is a functional which is

continuous in the Skorohod metric and ¢, ..., # C [0, 1]\ R then the joint
distribution of

£ (1) §,(1) 8(5(1)

converges to the joint distribution of

(1), - - -» &n) 8(E()
as n — oo. Consider now an arbitrary finite set of points ¢,,..., # C [0, 1].
Let ¢/ < ¢, < ¢/, where ¢, C[0,1]\R (i=1,..., k). We have proven
that the joint distribution of

&) & (1) -+ £(0) & (1) 8(6, (1)
converges to the joint distribution of
§1), &017), - -+ » (0 &), 8(&(0))
as n — co. From condition I it follows that the joint distributions of

gn (t;)’ gn (’i - 0) and gn(ti)’ gn (ti")

converge, correspondingly, to the joint distributions of
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£(#), §(t; — 0) and £(1), &(4")
as n — 00. Now we can easily prove the following proposition: For any finite

set of points #,..., # C[0,1] and for any functional g(x) which is
continuous in the Skorohod metric the joint distribution of

£ =0, &(1) -5 & (6 — 0), £,(4). 8(5(1)

converges to the joint distribution of

£t = 0), 4(11)s - - -5 &(t = 0), &(12), 8(4(1))
as n— o0. Let f be a completely continuous functional. There exists an at

most countable set T C [0, 1] such that f is continuous in the metric Pf-
Consider functionals
h™(x) = max[ —a, min{a, £ (x)} ]} h(x) = max[ —a, min{a, f, (x)} ],
a >0, j;o' (x)=x(t%—0), f,(x)=2x(t), HLET.

Let Q(X) denote a Banach algebra with identity of functionals which is
generated by all bounded functionals which are continuous in the Skorohod
metric, and all functionals of the form 4~ (x), h(x). For any function x, € X
and any set F C X (x, € F) which is closed in the metric p; there exists a
functional ¢(x) € Q(X) such that g(x,) = 0 and g(x) = 1 for x € F. From
the above it follows that for any functional ¢(x) € Q (X) the distribution of
q(§,(1)) converges to the distribution of g(£(¢)) as n — co. From Lemma 3 it
follows that the distribution of f; (£,(0) converges to the distribution of f&)
as n — 00. So the fact that property (A) implies property (B) has been proven.

(2). (B) implies (C). Consider a domain V' = U 2,U2(). Let us assume that
w(V) = u(V). Let T denote an at most countable set on [0, 1] such that all
the points of discontinuity of the functions g;(¢) and b,(¢) belong to T. Let [V]
denote the closure of ¥ in the metric p;. It is evident that V C [V] C V and
hence p(¥) = p(V)). The fact that V' is a set which is open in the metric p,
implies immediately that g,(¥) — p(V). So we have shown that property (B)
implies property (C).

(3). (C) implies (A). Choose a finite number of points T = {1, <1,
< -+« < ;) on the interval [0, 1]. Consider

W= {x(t):a,<x(t;, =0) < Bf,af < x(t;,) < B...,0}
<x(t = 0) < By < x(n) < B
[W]={x(t):aj <x(t;, -0) < B,af < x(t;) < B{,..., a
S x(h —0) < BLof < x(n) < B}

where a} < B, af < By,..., o < B¢, & < B is an arbitrary set of real

numbers. For any function x(r) € W there exists a set UZ{ such that
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x(1) € UL c W and the functions a(t), b(f) can have discontinuities only at
points of the set 7. By virtue of Lemma 1 the set UZ() is open in the metric
pr- The space X is separable in the metric p;. Hence W is a domain. It can be
proven analogously that X \[W] is a domain. Let us assume that p(W) =

p(W1). For any ¢ > 0 there exist two finite collections of sets

by(1) by (D). bl(n b
Uty -+ Ugmys - Uds - -+ Uamiy
such that
a) U cw, USYcx\[w] forall i=1,...,m
(1) a ()

®) w(UED = (T, wUKY = w(TS:

@ .
(c) H( Un (U‘,I"f'((,‘)) U Uj’i'((,')))) >1-ce
Consider domains ¥ = U™ U9 and V' = U, ULY. It is evident that
V)= p.(V), p(V") = w(V'). From (2) and in view of the arbitrariness of
¢ > 0 we obtain
(W) = p(W).

So condition 1 holds true. Let us prove now that condition 11 holds true.

Lemma 2 asserts that V_, is a domain. It can easily be seen that the closure
of the domain ¥V,

ﬂ c+pe—p*
>0

From the fact that for p > 0 the function ¥(p) = p(V,.,,.-,) is nondecreas-
ing it follows that there exists an arbitrarily small p’ > 0 such that

p’( Vc+p’,e—p’) = P’( Vc+p',z-p’ )
Hence
nlLr{}oP {Bcsp&a () > e — p’} = P{A. (&1) > e~ p’}.
So we have proven that condition 11 holds true. The proof of Theorem 2 is
complete.
2.7. Consider random processes £,(¢), ..., £,(¢),... and &) on [0, 1],
without discontinuities of the second kind. These random processes corre-

spond, on X, to probability measures p,,...,p, ... and p. For every
positive number ¢ < 1 define the subset of X

X, = {x(1): x(c = 0) = x(c)}.
Besides an at most countable set-of numbers ¢
(3) "‘I(Xc)=”.=M’n(X)=°”=p'(Xc)=l‘

Lemma 2 asserts that the set V,, = U 2, U2{) where the functions a,(z), b,(¢)
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can have discontinuities only at the point c. From the proof of Lemma 2 it
follows that if for c, (3) holds, then there exists a domain ¥ = U2,U2%
such that V' c V,,, all functions 4,(), b,(¢) are continuous and

I"I(Vc,z\ V) == ""n(Vc.e\ V) == p’(Vc‘.z\ V) =0.
From this and from the part of the proof of Theorem 2 where it is proved that
(C) implies II, it is easy to obtain the following proposition:

If for every domain V = U, UL (all functions a(t) and b(1) are
continuous) p,(V)— p(V) under the condition that p(V) = p(V), then for
every e > 0

lim lim P {A(&, (1)) > ¢} = 0.
=0 nooo
From the above and from Theorem 1 we immediately obtain the following

THEOREM 3. Let random processes §,(?), . . ., §,(t), . . . and &(t) be given on
[0, 1), without discontinuities of the second kind. Suppose that for every finite set
of points t,, . . ., t, C [0, 1] the joint distribution of §,(t), . . ., §,(t,) converges
to the joint distribution of &(t,),...,%(t,) as n— oco. Then the following
properties (A, (BY, (C) are equivalent:

(A) For every ¢ > 0,

lim lim P {A(& (1)) > ¢} = 0.
>0 psoo
(B) For every functional f which is continuous in the Skorohod metric the
distribution of f(§,(1)) converges to the distribution of f(§(1)) as n — 0.

(CY For every domain V = U2 UMD where a(1), b(t) are continuous
Junctions and

P{§(nev)=P{gne V)
the equality
nlLtgP{&,,(t) EV}=P{{1)E V)
holds.

3. Convergence of random processes with independent increments.
3.1. Consider a finite set of independent random values 1,, ..., 7,. Let ¥,
denote the sumn, + - - - + 1,.

LEMMA 4. Let P{|Z,—Zi > a} < a,k=1,...,n, for some positive
number a < 1. Then

1
P{stltp|2k|> a+x} <7 P{Z,|> x}.

Proor. [1, §3].
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LEMMA 5. If for some positive ¢ > 0 we have

P{|E"—Ek|>-§-}<a<l, k=1,...,n,
then
P(|Z,|> ¢/8)’

p{ sup  min[|Z; — 5 |24 — z|]> 8} (1 - a)

1<i<k<j<n

Proor. [1, §40].
3.2. Let £(¢) be a random process on [0, 1]. Let two finite set of points
= (S0 Sgs + ++» Sy - ., Sg) and HQ (hy o ooy hy ..., hy) be given on

[Ol] and let 0=s5,<s, < <sR,<sR—lh,<hz < < hy.
Let numbers ¢ > 0,¢ > 0, 0<a<l 0< B< 1 be given. We say that
&), Sp, Hy, c, & a, B is a consistent system if

(1) s, # h,forall r and g;

@2c<s, —5,_, <d4c;

(3 hysy — by > 8¢, hy > 4c,hy <1 - 4c;

(4) for every pair of points ' < ¢”

P{|E(r) = £(t")| > ¢/16) < @

if t” - ¢’ < 8c and if there exxst no g such that ¢’ < h, < 1”;
(5) for every pair of points f < 7 we have

P{lah) - &¢)) > 8/32} <8

if there exists a ¢ such that either =8¢ < f < 1 < h, or h, < (<t< h, +
8c.

LEMMA 6. Let &(t) be a random process with independent increments on [0, 1]
which has no discontinuities of the second kind and let §(1), Sg, Hy, ¢, €, a, B be
a consistent system. Then

2a X € 48- Q
P{A‘v‘(g(t)) > 8} < (] _ a)z rglp{lg(sr) - £(s,_,)| > 3-5 } + 1 1 - B .
PROOF. Let 0 = 7P < (P < - - - < 7{P =l and

Jim max () ~ 712) = 0.

Then
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A.(4(n)
- Jim, { swp ¢(7) - 40| + sup_|E) - £(<1)
"1(')<‘

1-1»

+ sup min[|€(‘r§’ ) = &)

,j(r)_ ¢ <.,I(r)<,j(r)<.,£r)<fl(')+c
o) - et

Let all points s, and h, belong to the set of points 7(” for every p. We have

P{8[4(1) > €) < hm P{ sup [¢(r§) - £(0)] > }

f(l)< ¢

et p| s j) - 69>

l‘ﬂ”<c

P S ,,{ sip  min[[§(r$?) ~ §(-P);

Po® =0 g aP<rP<of<s e
(o) - 2] > 5 )

Denote by s, the point in Sy for which 4, € [s,4, 5,¢,] by virtue of Lemmas
4 and 5.

P{A(5(D) > €} < 12_"‘a + - a) 2 P{lﬁ( r+2) — §(5)| >%}
)
+Tm S [P{ sup min[ |¢(r) = §(+);
P gm] 541 STPLPLIIL S04

mwrﬂwm>ﬂ

+P { sup min| |§(~%) — &()|;

ST AI 5442

) - 2] >4
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<—2a §Pmm—«um>i}+q
(1 - a) | /= ’ 32

Qo
‘2 im z[P{ ) - )] > )

P=0 g=1 541 STPLOLN,

+ P[ sup Iﬁ('r?”) - S('r,‘{’))l >§- }

h<1P<LPL 5,942

<22 §P{|£(s)—£(s )|>i}+1
(- |5 ’ B

9
+2 lim Y,

Po® gm]

P -0 >5)

541 <TP<h,

+ P[ sup |§(s") - §(1‘Y))| >§ }

’l,<1'j(’)<-"n¢1

2a
(1-ay
and Lemma 6 is proved.

REMARK. The proof of Lemma 6 is analogous to the proof of Lemma 2 in
[1, §40). The latter is a particular case of Lemma 6 under the assumption that
the set H, is empty.

3.3. Here we shall prove Theorem 4 which was formulated in the Intro-
duction.

Necessity. Condition (a) is condition I of Theorem 2. Its necessity follows
from Theorem 2.

For the proof of necessity of condition (b) we point out, first of all, that
there exists an A such that

E2(1)< A, E§2(t—-0)< A, E£*(1)< A, E{*(t-0)< 4

for all n and ¢. The function ¢(¢f) = E£(¢) and the functions ¢,() have no
discontinuities of the second kind, and for all ¢+ we have

@)= 9(1), @1 —0)>e(r—0)

One must prove that ¢,(¢) converges uniformly to ¢(¢). For ¢ > 0 let us fix a
finite number of points 0 =1, < ¢, < -+ < < f,,; =1 such that if
t#t, where i =1,...,k, E|§(t — 0) — §(?)| < &. There exists § > 0 such
that if ¢,t" C[t;_, ) or ¢,t" C[4, 1) and | — ¢”| < & then E§(?) -

48-0

< =

& €
[EPWW‘““N>§}+‘+
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§(1t")| < e. Let 0 = min;¢;¢x41(4 — %-;). Consider a positive number ¢ <
min(o/2, §/2). There exists a natural number N, such that:

(1) forn > N, we have |g,(4; — 0) — ¢(; — 0)] < &, |@,(2) — @(1,)| < & for
alli=0,1,..., k,k+ 1;

(2) for n > N, and for every i = 1,..., k there exist two points 7P, 73
such that

et —2¢,,—-c], 1RE[y+ e 4+ 2],
|EJg. (4 = 0) = & (=i7)| — E|é(1; — 0) — §(=(D)|
|EJ£, (1) - & ($2)| ~ E|t(1) - &(=$D)| < e
(D) = o(riD)| < & |ea(D) - o(r(3)

(3) for n > N, and for every point ¢ € [¢, | — ¢] there exist two points
t}, 12 such that

<eg

< ¢

t—c<l<t<iE<t+eg,

@) [Ele: (1) = & ()] - Elg(12) — (]| <
) @a(22) = o(e1)] < &
©) |oa(22) = @(3)] < e

Suppose that there exist 7 and ny > N, such that
|0se(F) = @(7)| > 4e.
We haye three possibilities:
Nt 1—c)
(2) there exists i = 1,..., ksuch that |f, — 1] < &
(3) thereexists i =0, 1,..., ksuchthaty, + c <t < gy —c.
Case (1). Let t € (0, c]. Then

Elt,0) = &y (7)] >[9as(0) = @ug(7)] > 2e.
Consider a number ¢; > max(l, ¢, 84 /¢). It can easily be shown that
P{|£,(0) = &,()| > ¢} > /24,
Therefore if t £ (¢, 1 — ¢) then
P{A (&, (D) > €} > ¢/2q;.
Case (2). Let 0 < - t, < ¢, 1 < i< k.Consider a random value
n= min{lgno(ti) - sm,(;)l; Igno (;) - fno("t(ﬁ"))‘}-

It can easily be seen that
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@ = 8O+ ~ ()] e 0) - 6,682
2 2

and therefore
[00(8) = @aol)] +
g 2
Consider a number ¢, > max(l, £/2; 164 /¢). It is easy to prove that
P{n>e/2} > ¢/4q,.
Therefore if |£, — t] < ¢ (1 €i< k)then

{AZC(gno(t)) > 8/2} 2 £/4q2'

Case (3). Let ¢ +c< r< Ly —c Let us choose points t,} , t2 such that
L<t-c¢< n<I<R2<{ + ¢ < t,, and conditions (4) (5) (6) are
satisfied for n = n, Consider a random value

x = min{|g,, (tn) = &, ()]s & (1) = £, (2) }
It can be proven as in case (2) that P {x > ¢ /2} > ¢/4q,. Therefore if there
existsi =0,1,..., ksuchthatt, + ¢ < f< ¢, — c then
P{A (£, (D) > ¢/2} > e/4q2

Let us summarize: if there exist / and ng 2 N, such that |g, o - <p(t‘)| > 4e
then

Pno(1) = Pny(1137)]

—€ P E

{A20(£no(t))> } 4q

where g = max(q,, ¢,). By virtue of Theorem 2 there exist ¢ >0 and a
natural number N, such that for n > N,,

€ £
P{a &) > ) < 27
Setc < ¢y/2 and N = max(N,, N,). Forn > N,

|Pa(1) — @(1)] < 4e.
The uniform convergence of ¢, (¢) to ¢(¢) is proved.
Sufficiency. Suppose, without loss of generality, that E §() =0 and E&(1)
= 0 for all n and ¢. Let us fix numbers ¢ > 0 and 0 < a < 1. There exists an
at most finite set of points Hy = (h; < - - - < hy < - -+ < hy) such that

D (§(h, - 0) - g(hq)) > (a- sz)/256.
We shall prove that there exist a number ¢, > 0 and a natural number N
such that

h| > 4(—‘], l - hQ > 4C1, h

q+1 - hq > 8C|
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and for all pairs of points ¥’ < ¢” and for everyn > N,
Pl (1) — &(1")| > ¢/16) < a

if 1" — ¢ < 8c and there exists no g such that ' < h, < t”. Suppose the
contrary. This means that there exist point #, and two sequences of pomts t(')
and £, 1, — 00, 1§ — £, 112 — 1, such that

D(, (z“)) £, (12)) > (a- €?)/256.

If 1y = h, then t“) and t‘z) converge to f, simultaneously either from the left
or from the right, and to # 1, o # 1. Let (0,1) D 1o # h,. Then there
exist two points ¢, and ¢, such that 4 < to < tyand

D(§(1)) — &) <(a-€%)/256.
On the other hand, there exists a number J such that for j > J we have
1D, 4 C [}, 1,]. Therefore forj > J we have
D(g,y () — £,9(t2)) > (a-€2)/256.

But D (§,(1)) — £,(t) —» D (&) — &(tp) < (a-€?)/256, a contradiction. If
fo = 0 or 1 or &, then we also arrive at a contradiction.

Let us fix a positive number B < 1. There exists a positive number
¢ < ¢;/2such thatforallg=1,..., Q we have

D (&(h, — 8¢c) — £(h, — 0)) <(B-€?)/1024 and
D (&(h,) — &(k, + 8¢)) <(B-€?)/1024.

There exists a natural number N2 > N such that for every pair of points

{ < t we have
P{l6(0) = &(7)| > e/32} < 8

if n > N2 and there exists g such that either h, —8c < f< t < h, or
h, < < t < h, + 8c.

ConmderasetofpomtsSR ={0=5<5< <5< - <sp=1}
such that s, # h, for all r and ¢, 2¢ <s, —s,_; <4c. For all n>
N2 &.(1), Sg, Hy, ¢, & a, B is a consistent system. By virtue of Lemma 6 for
n > N?we have

P{Ac(gn(t)) >5}
2a R 480
et PRACICRLC S S R A
2a 1024 48
<(,_a)z[ D(£(0) - s(l))+1]+l_
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Therefore

48-9

2a__[ 1024 ) 5y + 1] 23

1-a)
From the above it follows that condition II of Theorem 2 for random
processes £,(¢) holds true. By assumption, condition I of Theorem 2 for the
processes £,(¢) and §(?) is satisfied. By virtue of the above and Theorem 2 we
have the validity of Theorem 4.

REMARK. In the proof of the necessity of conditions (a) and (b) of Theorem
4 the fact that £,(¢) and £(¢) are random processes with independent incre-
ments was never used.

3.4. DerINITION 3. A random process §(¢) without discontinuities of the
second kind defined on [0, 1] is said to be almost continuous if there exists an
at most countable set T, C [0, 1] such that the sample functions of £(¢) have
no discontinuities at the points of [0, 1]\ T, with probability 1.

Let £(¢) be an almost continuous process. Consider a set

X' = {x E X:x(t—0)=x(2)if ¢ E[O, ]]\ T, }
It is evident that

I P (8(6(0) > ) <

P e X} =1

Consider the uniform metric p, on X'. The sets of the form U, ”((,’)), where the
functions a(¢) and b(¢) can have discontinuities only at points of T, generate
the basis of open sets of the space X’ with the metric p,. From this it follows
that the topologies determined on X’ by the metric'p, and pr, coincide. The
following theorem is an immediate corollary of the above and Theorem 4.

THEOREM 5. Let almost continuous random processes with independent
increments £,(0), ..., §,(0), ... and &(t) be defined on [0, 1]. Suppose that for
every ¢ > 0 there exists d > 0 such that E£“(t) < ¢ for all n and t. Then the
distribution of f(§,(t)) converges to the distribution of f(£(t)) as n — oo for every
Sfunctional f which is continuous in the uniform metric if and only if conditions
(a) and (b) of Theorem 4 are satisfied.

4. Limit theorems for sums of independent random variables. Let 7(7) be a
random process with independent increments, defined on [0, 1] and such that
E|n() < A, for some A4 and all ¢ € [0, 1]. Let ¢(2) = Eq(e), 7(t) = n(f) —
o(#) and Y (¢) = Dy(t). The process n(¢) has no discontinuities of the second
kind if and only if the function ¢(¢) has no discontinuities of the second kind.
We assume that 7(¢) has no discontinuities of the second kind. Denote by
Tis+++s Ty - .., the points of discontinuities of (7). Set

A t) =a() —an)— 2 {71(n) — (n - 0)},

T E(113)
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where t, < t,. The distribution function of the random variable 7(¢, t,) is
infinitely divisible and thus

In(Ee*iC) = [ (e = 1 = isx) L a6 (x5 0,1
-0 X

where G(x; #,, t,) is a nondecreasing function, G(—o0; ¢, 1) =0,
G (o0; t), 1) = Dij(1,, t,). Denote by @, the distribution of 7(0), and by @,
the distribution of the random variable 1(7,) — 7(7, — 0).

Consider a double sequence of random variables

SIRRREE Y

..........

oooooooooo

with each row independent. Let us partition the interval [0, 1] at the points
0=1,<t,; < - <ty =1 so that max;cxcs (tux = fnx—1) =0 when
n — oo. Set

k Kn
() =2 i iftyy <1<ty and n,(l)= 21 e
im1 i=
Suppose that for any & > 0 there exists d > 0 such that En(r) < e for all n

and ¢. Denote by F,, the distribution of £, and set F,, = F,, (x + E,).

THEOREM 6. Tke distribution f(n,(t)) converges to the distribution f(n (1)) for
any completely continuous functional f if and only if all of the following
conditions are satisfied:

(1) The functions ¢,(t) = En,(t) converge uniformly to ¢(1);

(2) The functions ' = Dn,(t) converge uniformly to y(r);

(3) The distribution of 7,,(0) converges to the distribution of 1(0);

(4) The distribution of n,(7;) — 1,(7, — 0) converges to the distribution of
n(m) = n(7 = 0);

(5) For any pair of points t; < t,,

lim {fu XdFy (%); tyxo1 €(1 ’2]}
-0

n—o0

=Gt 1) +2 {f“ x%d®,(x); 7, € (1, tz]}
-0
with the possible exception of a countable set of numbers u.

-By the usual arguments one can prove that the random process is almost
continuous if and only if the distributions of the random variables #(¢,, 1,) are
normal.

THEOREM 7. Suppose that w(t) is an almost continuous process. The
distribution of f(n,()) converges to the distribution of f(n(?)) for any functional



RANDOM PROCESSES AND LIMIT THEOREMS 379

[ continuous in the uniform metric, if and only if the conditions (1)~«(4) of
Theorem 6 are satisfied and

kn - o0
S [ XdFu () 2 [ x4B,(x)
k=17|x|>8 k=0"|x|>8

with the possible exception of a countable set of positive numbers 8.

BIBLIOGRAPHY

1. A. V. Skorohod, Random processes with independent increments, “Nauka”, Moscow, 1964;
English transl.. Theory of random processes, National Lending Library for Science and Tech-
nology, Boston Spa, Yorkshire, England, 1971. MR 31 #6280.

2. 1. I. Gihman and A. V. Skorohod, The theory of stochastic processes. 1, “Nauka”, Moscow,
1971; English transl., Springer-Verlag, New York, 1974. MR 49 #6287; 49 #11603.

3. L. S. Grinblat, Compactifications of spaces of functions and integration of functionals, Trans.
Amer. Math. Soc. 217 (1976), 195-223.

4. H. Schubert, Topology, Teubner, Stuttgart, 1964; English transl,, Allyn and Bacon, Boston,
Mass., 1968. MR 30 #551; 37 #2160.

DEPARTMENT OF MATHEMATICS, BAR-ILAN UNIVERSITY, RAMAT-GAN, ISRAEL

Current address: Department of Mathematics, Harvard University, Cambridge, Massachusetts
02138



